Abstract. We extend Langton's valuative criterion for families of coherent algebraic sheaves to a complex analytic set-up. As a consequence we derive a set of sufficient conditions for the compactness of a moduli space of semistable sheaves over a compact complex manifold. This applies also to some cases appearing in complex projective geometry not covered by previous results.
Introduction
There is a variety of situations when moduli spaces of semistable coherent sheaves over projective schemes are known to exist, see [HL10] for an extensive treatment of this topic. Such moduli spaces typically turn out to be projective. This is often proved by using a result of Langton who checked that Grothendieck's valuative criterion for properness applies to families of semistable sheaves [Lan75] , [HL10, Theorem 2.B.1]. Sometimes even if the base variety X is projective, in order to define stability one may be led to consider arbitrary real ample classes as polarizations, cf. [GT17] , [GRT16b] , [GRT16a] , [CPa15] . However when the polarization is irrational Langton's result doesn't directly apply and its proof cannot be adapted in a straightforward way to such a case.
When the base variety is compact complex analytic, one may still speak of semistability with respect to Gauduchon metrics. But even over compact Kähler manifolds an analogous result to Langton's is not available and complex analytic moduli spaces for semistable sheaves have only been constructed in special cases.
It is the purpose of this paper to provide replacements of properness valuative criteria as in Langton's result in a complex analytic set-up and to show how they may be applied to prove compactness of moduli spaces of semistable sheaves. For coherent sheaves over a compact complex manifold a fairly general semistability notion will be described in Section 2. (We define semistability only for pure sheaves but we later give analogues of our statements in the nonpure case.) Then in Section 3 we deal with families of semistable sheaves over one dimensional bases. In this context we prove Theorem 3.1 which already provides a solution to the case of irrational polarizations mentioned above. This theorem basically says that for a flat family of coherent sheaves with general semistable members over a curve one may replace the special members in such a way that the resulting family has only semistable fibres. When the base manifold is not projective however, such a result on one dimensional families is no longer sufficient. This is because the two current definitions of meromorphic mapppings do not coincide. Stoll's definition which uses extensions along curves is weaker than Remmert's which requires a factorization through a proper modification, [Hir80] . In Section 4 we prove Theorem 4.1 which provides a replacement for Langton's valuative criterion also for families over higher dimensional bases, albeit under a more restrictive semistabilty condition. Using this result we give in Section 5 sufficient conditions for a moduli space of semistable sheaves over a compact complex manifold to be compact.
For Theorem 3.1 we follow Langton's original line of proof with two new inputs, one of combinatorial nature which compensates the lack of rationality of the polarizations involved, and one application of Artin approximation which avoids non-properness issues of the relative Douady space. Theorems 4.1 and 5.1 are essentially new and they are especially pertinent to the complex analytic context. Their proofs depend on a notion of boundedness for sets of isomorphy classes of coherent analytic sheaves, which was introduced in [Tom16].
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Degree functions and stability
Various definitions of semistability for coherent sheaves on projective manifolds are in use and many recent papers aim at a formalization of their properties, see e.g. [Joy07] , [And09] .
Here we content ourselves with the presentation of the stability notion which will be appear in the results of this paper. It will use a generalization of the Hilbert polynomial of a coherent sheaf which will make sense in a complex geometric (not necessarily projective) framework. This notion finds applications even when the base space X is a smooth projective variety; cf. [GT17] , [GRT16b] , [GHT] . In order to introduce it one may choose to work either on a category Coh d (X) of coherent sheaves of dimension at most d on an analytic space X or on a quotient category
In this paper we chose the first but the statements can be easily rephrased to stay valid for the second approach.
In the sequel X will be a compact analitic space of dimension n and d, d will denote integers satisfying n ≥ d ≥ d ≥ 0. In particular X may be the associated analytic space of a proper algebraic space over C.
We denote by K 0 (X) = K 0 (Coh(X)) the Grothendieck group of coherent sheaves on X and by [F ] the class in K 0 (X) of a coherent sheaf F . If F has dimension at most p, we write cycle p (F ) for the p-cycle associated to F . Definition 2.1. Degrees. Consider a group morphism deg p :
for irreducible p-cycles Z, and the following properties:
(2) if a set of positive p-cycles is such that deg p is bounded on it, then deg p takes only finitely many values on this set, (3) deg p is continuous on flat families of sheaves. (4) deg p is locally constant on flat families of sheaves.
We will call such a function a degree function in dimension p if it has properties (1), (2) and (3). If only the first property is satisfied, we will call it a weak degree function in dimension p and if deg p has all four properties, we will call it a strong degree function in dimension p . We will write for simplicity
)-degree system and similarly for weak or strong degree functions.
Note that for any weak degree function deg p in dimension p on X one has
Strong degree functions appear naturally if X is endowed with differential forms ω p of degree 2p which are d-closed and such that their (p, p)-component ω , we obtain such 2p-forms as p-powers of the Kähler form ω. When (X, O X (1)) is a projective variety endowed with an ample line bundle, by taking ω a strictly positive curvature form of O X (1), we recover the coefficient of the Hilbert polynomial of F in degree p as
However even on projective manifolds one is naturally led to consider degree functions which are not associated to an ample polarization, cf. [GT17] , [GRT16b] , [GRT16a] , [CPa15] .
In the above situation the condition dω p,p p = 0 implies that the corresponding degree function is locally constant on flat families of sheaves. An example having found applications in the literature, where only continuity holds is that of degree functions on non-Kählerian compact manifolds. Such a manifold always carries a Gauduchon form ω n−1 , i.e. such that ω n−1 is positive of type (n − 1, n − 1) and ∂∂ω n−1 = 0. One then defines degree functions in dimensions n and n − 1 by setting deg n (F ) := rk(F ) and deg n−1 (F ) := X [ω n−1 ] A · c 1 (F ) BC , where the classes are computed in Aeppli cohomology and in Bott-Chern cohomology respectively, cf. [LT95] , [Tel10] . More generally, any strictly positive ∂∂-closed (p, p)-form on X gives rise to a a degree function in dimension p. One shows that Condition (2) of Definition 2.1 is satisfied by the same argument as in the Kähler case. Indeed such a function is pluriharmonic on the cycle space by [Bar78, Proposition 1] and attains its minimum on any closed subset of the cycle space by Bishop's theorem. It is therefore constant on any irreducible component of this space. Note that any compact complex manifold X admits a degree function in dimension zero defined by deg 0 (F ) := X ch n (F ). In this way Gauduchon surfaces (X, ω 1 ) get a (2, 0)-degree system.
For the following definition the order relation we will consider on R d−d +1 will be the lexicographic order.
Definition 2.2. Semistability.
Suppose that X is equipped with a weak
For any d-dimensional coherent sheaf F we define its slope vector with respect to this system as
A d-dimensional sheaf F will be called slope-semistable or just semistable if it is pure and if for any non-trivial subsheaf E ⊂ F we have µ(E) ≤ µ(F ).
Note that in the case
With literally the same proof as in [HL10, Section 1.3] one checks the existence of a Harder-Narasimhan filtration for the above semistability notion: Theorem 2.3. With respect to a weak (d, d )-degree system on X any pure d-dimensional sheaf F admits a unique increasing filtration
In particular under the above hypotheses HN 1 (F ) has the properties of a maximal destabilizing subsheaf of F , i.e. for all subsheaves E ⊂ F one has µ(E) ≤ µ(HN 1 (F )), and in case of equality E ⊂ HN 1 (F ). Moreover, HN 1 (F ) is a saturated subsheaf of F , i.e the quotient F/HN 1 (F ) is either zero or pure d-dimensional.
Before we go on to the relative case let us remark that purity is a Zariski open property in flat families of coherent sheaves. Indeed if S is any analytic space and if E is a flat family of d-dimensional coherent sheaves on the fibres of X parameterized by S, then one can adapt Maruyama's approach in [Mar96, Proposition 1.13] to prove that the set of points s ∈ S such that E s is not pure is a closed analytic subset of S. It suffices to work in loc. cit. with local resolutions and apply the purity criterion from [Mar96, Lemma 1.12].
By a relative Harder-Narasimhan filtration for a flat family E of d-dimensional coherent sheaves on X parametrized by an irreducible analytic space S we mean a proper bimeromorphic morphism of irreducible analytic spaces T → S together with a filtration
such that the factors HN i (E)/HN i−1 (E) are flat over T for 1 ≤ i ≤ l and which induces the absolute Harder-Narasimhan filtrations fibrewise over some dense Zariski open subset of S, cf. [Tom] for a more general situation and [HL10, Section 2.3] for the projective algebraic case.
In order to obtain a relative Harder-Narasimhan filtration for a family of sheaves we need stronger assumptions on the degree functions. Using the techniques of [Tom16] the following result is obtained in [Tom] .
Theorem 2.4. Suppose that X is endowed with a strong (d, d )-degree system induced by a system of strictly positive ∂∂-closed differential forms. Then with respect to the corresponding semistability notion every flat family E of d-dimensional coherent sheaves on X with pure general members parametrized by an irreducible analytic space S has a relative Harder-Narasimhan filtration (T → S, HN • (E)). Moreover this filtration has the following universal property: if f : T → S is some morphism of irreducible analytic spaces and if F • is a filtration of E T with flat factors, which coincides fibrewise with the absolute Harder-Narasimhan filtration over some point s ∈ S, then f factorizes over T and
A consequence of this theorem is the fact that semistability is a Zariski open property in flat families of sheaves.
Another way to look at the relative Harder-Narasimhan filtration is to consider its direct image over X × S and the filtration which this induces on E. In particular, if E is a family as in the theorem's statement and whose general fibres are not semistable and if (f : T → S, HN • (E)) is the relative HarderNarasimhan filtration of E, then the fibers over general points s ∈ S of the image F 1 of the composition of sheaf homomorphisms
coincide with HN 1 (E s ). We shall call the sheaf F 1 the relative maximal destabilizing sheaf of E.
One dimensional families
In this section we deal with the case of one-dimensional families in its analytic formulation. The attentive reader will be able to translate the argument in terms of families over the spectrum of a discrete valuation ring, when the base space is algebraic, with some care however when applying Artin approximation. We will denote by D the open unit disc in C and write D * := D \ {0}.
Theorem 3.1. Let X be a compact complex manifold endowed with a (d, d )-degree system and let F be a D-flat family of d-dimensional sheaves on X. Suppose that for s ∈ D \ {0} the fibres F s are semistable. Then there exists a coherent subsheaf F ⊂ F coinciding with F over D \ {0} and such that the fibre F 0 over zero is also semistable.
Before starting the proof, note that O D,s is a principal ideal domain for any s ∈ D, so for an O D,s -module being flat boils down to being torsion-free. Thus, since F has no D-torsion, any coherent subsheaf of F continues to be flat over D.
Proof. The proof follows the line of [HL10, Section 2B] with an essential expansion due to the lack of discreteness of the degree functions in our set-up. A smaller change appears at the end where we avoid the issue on the use of the properness of the relative Douady space and replace it by a short argument using Artin approximation.
For any integer
The theorem will follow from this Claim by descending induction on δ. We now proceed to the proof of the Claim. The case δ = d has already been discussed, so we will work under the hypothesis d > δ ≥ d . Assuming by contradiction that the Claim is false we first construct an infinite descending filtration
-semistable for every n ∈ N, as follows: supposing that F n has already been constructed, let B n ⊂ F n 0 be the maximal (d, δ)-destabilizing subsheaf of F n 0 , let G n := F n 0 /B n and let F n+1 be the kernel of the composition F n → F n 0 → G n . These sheaves are related through two exact sequences
To explain the second we will tensorize over O D the exact sequence 0 → 
Then we use the Snake Lemma and the fact that m ∼ = O D .
Combining the exact sequences 3.1, 3.2 we get a self explanatory commutative diagram with exact rows and columns:
If C n+1 = 0, we have
by the choice of B n ⊂ F n 0 . We also have µ d,δ (B n ) > µ d,δ (F 0 ), hence the sequence (µ d,δ (B n )) n is descending and bounded from below. In fact only the deg δ deg d may vary on this sequence. At this point if we knew the degree functions to be discrete, we would conclude that the sequence (µ d,δ (B n )) n is stationary. In our situation we need to construct further objects in order to get the stationary behaviour of this sequence.
The idea is to introduce at each formation step of the subsheaves F n a decomposition of F n 0 into smaller and smaller building blocks as n increases. We will get at each step a collection C n of 2 n+1 building blocks. We show that this crumbling process must eventually stop, leading to the desired stationary behaviour. We indicate below the first three steps of this process.
Step 0: The decomposition is given by the exact sequence 3.1 for n = 0. We set C 0 := (B 0 , G 0 ).
Step 1: The case n = 1 for the sequences 3.1 and 3.2 lead to a diagram of type 3.4. We set C 1 := (A 1 , C 1 , K 1 , L 1 ). We may view C 1 as the result of cutting C 0 into pieces by using 3.2. The reconstruction of B 0 , B 1 , G 0 , G 1 , F 0 0 , F 1 0 is possible starting from C 1 .
Step 2: We use again 3.2 this time for n = 2 to cut each component of C 1 into two further pieces. These give the eight vertices denoted by * in the following diagram. We allow to count isomorphic components of C n several times if they appear at different places in the decomposition process. Note that B 2 cuts off subobjects of components of C 1 ; these appear represented in the (back) plane of B 2 . *
For n > 2 the elements of C n will appear as vertices of the n + 1-dimensional hypercube in a diagram constructed in a recursive manner as above.
Note that modulo Coh δ all components of C n vanish or are (d, δ + 1)-semistable. Note also that for any component E of C n , we have 0 ≤ cycle d (E) ≤ cycle d (F 0 ). In fact the sum of these cycles over all components of C n equals cycle d (F 0 ). Thus there exists some threshold n 0 ∈ N, such that the set of d-cycles of components of C n is constant for n ≥ n 0 . For n > n 0 the decomposition into building blocks from C n of components E of C n 0 shows that B n cuts off subobjects E in such components E and these subobjects are to be used in the reconstruction of B n itself; in fact they will be the quotients of a suitable filtration of B n . If E is d-dimensional then such a subobject either vanishes or is pure d-dimensional since B n is pure d-dimensional itself.
In this second case cycle d (E ) = cycle d (E) by our assumption on C n 0 , and in particular E/E ∈ Coh δ (X) and deg δ (E/E ) = deg δ (cycle δ (E/E ) ≥ 0. If E is not d-dimensional then E has at most dimension δ and we have deg δ (E/E ) = deg δ (cycle δ (E/E ) ≥ 0 in this case too. Consider now a subsequence (B n k ) k>1 of (B n ) n≥n 0 such that all its terms cut off non-zero subobjects on the same subcollection of d-dimensional components of C n 0 . It follows that the sequence (cycle d (B n k )) k>1 is constant. On the other hand using the above notations and taking sums over all components E of C n 0 we find
. By our assumption on the degree functions it follows that the cycles E cycle δ (E/E ) are bounded and may attain only a finite number of values when k varies. This implies that the sequence (µ d,δ (B n k )) k is stationary, hence also (µ d,δ (B n )) n is stationary.
We continue now the proof of the Claim following again [HL10] . By the above we may assume that the sequence (µ d,δ (B n )) n is even constant. Then the inequalities 3.6 show that C n+1 = 0 for all n and using 3.5 we further find
In the latter case we would have
is impossible. Hence and from diagram 3.4 we get
Moreover since the sequence (cycle d (B n )) n is stationary we may as well suppose that it is constant. It follows that L n+1 ∈ Coh δ−1 . In particular the ascending sequence of pure d-dimensional sheaves G n is constant modulo Coh d−2 (X), thus their reflexive hulls (G n ) DD are all the same and in particular the ascending sequence (G n ) n of subsheaves of (G 0 ) DD is stationary. We assume again for simplicity that this sequence too is constant. So the central vertical and horizontal exact sequences of diagram 3.4 are split. We will write from now on G := G n , B := B n and Q n := F/F n . Via the splittings 
We will next show by induction on n that Q n is flat over O C /m n . The assertion is clear for n = 1 so we assume it true for n and start proving it for n + 1. For this we tensorize the exact sequence Proposition 3.3. Let X be a compact complex manifold and let F be a D-flat family of d-dimensional coherent sheaves on X whose fibres over D \ {0} are pure of dimension d. Then there exists a coherent subsheaf F ⊂ F coinciding with F over D \ {0} and such that its fibre F 0 over 0 is also pure.
Proof. We follow the strategy of proof of Theorem 3.1 but we take this time 
We have inequalities for associated (d − 1)-cycles:
hence the sequence (cycle d−1 (B n )) n must be stationary and we may assume that dim(L n ) ≤ d − 2 for all n. We immediately get then that the ascending sequence of subsheaves of (G 0 ) DD is stationary and as before we assume that this sequence is constant and write G := G n , B := B n . The rest of the proof follows ad litteram the proof of Theorem 3.1 but for its last sentence where we get a contradiction to purity instead of semistability.
Families of arbitrary dimension
We now turn our attention to the case of higher dimensional parameter spaces. For simplicity we will only consider smooth parameter spaces. As in the previous section we give a separate purity statement. This is the content of Proposition 4.3. For the main result of the section a stronger assumption on the degree functions will be made which will guarantee the existence of a relative maximal destabilizing subsheaf and in particular that semistability is a Zariski open property in flat families of coherent sheaves, see Section 2. Proof. It is clear that we only need to deal with the finitely many irreducible components of Z which meet the compact set K. In the sequel we will assume for simplicity of notation that all irreducible components of Z meet K. The idea of the proof is on one hand to try to reduce the dimension of the bad set Z for a suitable subsheaf of F constructed by a similar procedure to that which is used in the proof of Theorem 3.1. On the other hand it will be convenient to work in the case when Z is a simple normal crossings divisor and F is flat over S. We may reduce ourselves to this situation by repeatedly blowing up S at smooth centers by Hironaka's flattening theorem [Hir75] . Since under this requirement the dimension of Z is maximal, we introduce a "badness index" b in order to control the induction process in the following way: For any irreducible component Z i of Z we say that a proper holomorphic map π i : Z i → B i is good (for F ) if the restrictions of F to the fibers of π i are constant families. Then we set b i to be lowest possible dimension of a base B i of such a good map, and b to be the maximum among the b i . The strategy will be the following: we start with the flat family F whose non-semistable locus is a divisor with simple normal crossings Z = i Z i and with badness index b. From this data we produce a subfamily F ⊂ F , with F S\Z = F S\Z and with strictly smaller bad locus. If this bad locus is empty, then F is the family we were looking for and we stop. If not, after a suitable proper modification S → S the pull-back of this non-semistable locus becomes a divisor with simple normal crossings D on S with badness index b for the family F S /Tors S (F S ) and such that b < b. We work now with the family F S /Tors S (F S ) which may be supposed in addition to be flat over S , by Hironaka's flattening theorem [Hir75] again. It is clear that this process eventually stops.
The proof of the existence of the desired subfamily F ⊂ F on S will follow the same path as in the one-dimensional case by descending induction on δ. The corresponding claim will be Claim 4.2. Let X, F be as in the theorem's statement and moreover such that F is flat over S and Z is a divisor with simple normal crossings. Suppose that
Then there exists a subsheaf F ⊂ F with F S\Z = F S\Z with (d, δ)-semistable fibres over general points of Z and with non-flatness locus which is nowhere dense in Z.
We take first a relative maximal (semi)destabilizing subsheaf B 0 of F Z and put G 0 := F Z /B 0 and F 1 := Ker(F → G 0 ). Note that B 0 s is the maximal (d, δ)-(semi)destabilizing subsheaf only for general points s ∈ Z. Flatness of B 0 and G 0 likewise only holds generically over Z. But we can work at such general points and see that the whole proof of Claim 3.2 goes through in this new relative setting. (We will consider of course relative support cycles for the components of the collections C n this time. We will also use the corresponding relative statements at each moment of the proof, such as [Art68, Theorem 1.3] for instance.) In this way we obtain a subsheaf F ⊂ F with F S\Z = F S\Z and with (d, δ)-semistable fibres over general points of Z. At each step of the proof the non-flatness locus of the sheaves F n is nowhere dense in Z. Indeed, assuming this to be true for F n , we check it for F n+1 by using an analogue of diagram 3.3 around a point of Z where both F n and G n are flat:
from which we immediately obtain exact sequences
From the first sequence we infer that F n+1 Z is flat over Z around the chosen point and from the second combined with [BS77, Corollaire 5.1.4] that F n+1 is flat over S around the chosen point again. This proves Claim 4.2.
If the bad locus Z of F on S is not empty, we perform a proper modification S → S on S so that F := F S /Tors S (F S ) is flat over S with divisorial bad locus Z . Let b, b and b be the badness indices of F , F and F , respectively. Let Z i ⊂ Z be an irreducible component of Z and π i : Z i → B i be a good map for F . By construction of F it follows that the restriction of the family F is constant on the fibres of Z i → B i , hence the intersection Z i ∩ Z fibres over a proper Zariski subset B i of B i . This shows that b < b. When passing to the pair (S , F ) it is clear that good maps for F are obtained from good maps for F by composing with S → S. In particular one has b ≤ b < b. We have thus completed the induction argument and the proof of the theorem.
As in the case of one dimensional bases the previous arguments adapt to yield the following Proposition 4.3. Let X be a compact complex manifold and let F be a family over S of d-dimensional sheaves on X, where S is a connected smooth parameter space. Suppose that general fibres of F are pure and let Z ⊂ S be the union of the non-flatness locus of F with the closed analytic subset of S parametrizing non-pure sheaves. Let further K ⊂ S be a compact subset. Then there exist a proper modification S → S and a coherent sheaf F on X × S such that F is flat over S , all fibres of F over K × S S are pure and F coincides with F S over (S \ Z) × S S .
Application to moduli spaces of semistable sheaves
In this section we give an application of Theorem 4.1 to compactness of moduli spaces of semistable sheaves. For such a result to hold one needs boundedness for the class of sheaves one is considering. This is typically attained by fixing the topological type or the Hilbert polynomial of these sheaves. This is the way to think of property P in the statement below.
Theorem 5.1. Let X be a compact complex manifold endowed with a weak (d, d )-degree system and let P be an open and closed property on d-dimensional coherent sheaves on X. Suppose that the corresponding semistability property satisfies the following properties:
(1) openness in flat families of coherent sheaves, (2) boundedness when restricted to the class of sheaves with the property P, (3) the conclusion of Theorem 4.1 when restricted to the class of sheaves with the property P, (4) the existence of a coarse moduli space M ss P for semistable sheaves with the property P. Then M ss P is compact. Proof. Let K ⊂ S, F be a compact subset of a smooth complex space space and a family of coherent sheaves on X over S giving the boundedness of the set of isomorphism classes of semistable sheaves having property P on X, cf.
[Tom16], [Tom] . By restricting S to a finite number of its connected components, we may suppose that all the sheaves in the corresponding family over S have the property P. Let S ss ⊂ S be the open subset which parametrizes semistable sheaves, let D := S \ S ss and let S → S be the proper modification given by Theorem 4.1. Then the family F given by the conclusion of Theorem 4.1, the universal property of M sst P and the choice of K and F show the existence of a surjective morphism K × S S → M ss P . This proves our statement.
